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ABSTRACT
Distributed multi-writer atomic registers are at the heart of a large

number of distributed algorithms. While enjoying the benefits

of atomicity, researchers further explore fast implementations of

atomic reigsters which are optimal in terms of data access latency.

Though it is proved that multi-writer atomic register implementa-

tions are impossible when both read and write are required to be

fast, it is still open whether implementations are impossible when

only write or read is required to be fast. This work proves the im-

possibility of fast write implementations based on a series of chain

arguments among indistiguishable executions. We also show the

necessary and sufficient condition for fast read implementations by

extending the results in the single-writer case. This work concludes

a series of studies on fast implementations of distributed atomic

registers.
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1 INTRODUCTION
Distributed storage systems employ replication to improve perfor-

mance by routing data queries to data replicas nearby [1, 2, 19].

System reliability is also improved due to the redundancy of data.

However, data replication is constrained by the intrinsic problem

of maintaining data consistency among different replicas [27]. The

data consistency model acts as the “contract" between the developer

and the storage system. Only with this contract can the developers

reason about and program over the data items which actually exist

as multiple replicas [9, 26].
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Atomicity is a strong consistency model [17, 20, 21]. It allows

concurrent processes to access multiple replicas of logically the

same data item, as if they were accessing one data item in a sequen-

tial manner. This abstraction, usually named an atomic register, is
fundamental in distributed computing and is at the heart of a large

number of distributed algorithms [5, 23]. Though the atomicity

model greatly simplifies the development of upper-layer programs,

it induces longer data access latency. The latency of read and write

operations is mainly decided by the number of round-trips of com-

munications between the reading and writing clients and the server

replicas. In the single-writer case, the read operation on an atomic

register needs two round-trips of communications [5]. In the multi-

writer case, both write and read operations need two round-trips

of communications [4, 23].

In distributed systems, user-perceived latency is widely regarded

as the most critical factor for a large class of applications [1, 2,

19, 22, 24]. While enjoying the benefits of atomicity, researchers

further explore whether we can develop fast implementations for

atomic registers. Since two round-trips are sufficient to achieve

atomicity, fast implementation means one round-trip of commu-

nication, which is obviously optimal. In the single-writer case, it

is proved that when the number of reading clients exceeds certain

bound, fast read is impossible [12]. In the multi-writer case, it is

proved impossible when both read and write are required to be fast

[12].

This leaves an important open problem when examining the de-

sign space of fast implementations of multi-writer atomic registers

in a fine-grained manner. Specifically, we denote fast write imple-

mentations as W1R2, meaning that the write operation finishes in

one round-trip, while the read operation finishes in two round-trips.

Similarly, we denote fast read implementations as W2R1 and fast

read-write implementations as W1R1. Existing work only proves

that fast read-write (W1R1) implementations are impossible. It is

still open whether fast write (W1R2) and fast read (W2R1) are im-

possible. This impossibility result (yet to be proved) underlies the

common practice of quorum-replicated storage system design, e.g.

the Cassandra data store [19]: when read or write is required to

finish in one round-trip, weak consistency has to be accepted.

This work thoroughly explores the design space of fast imple-

mentations of multi-writer atomic registers. Specifically, for fast

write (W1R2) implementations, we prove that it is impossible to

achieve atomicity. The impossibility proof is mainly based on the

chain argument to construct the indistinguishability between ex-

ecutions. Unlike the W1R1 case, the chain argument for W1R2

implementations faces two severe challenges:

• (Section 3) Since the read operation has one more round-

trip (compared to the W1R1 case) to discover differences
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Table 1: Overview of contributions.

Design space Impossibility Implementation

W2R2 [23] 𝑡 ≥ 𝑆
2

𝑊 ≥ 2, 𝑅 ≥ 2, 𝑡 < 𝑆
2

W1R2 [this work] 𝑊 ≥ 2, 𝑅 ≥ 2, 𝑡 ≥ 1 ∅
W2R1 [this work] 𝑅 ≥ 𝑆

𝑡 − 2 𝑅 < 𝑆
𝑡 − 2

W1R1 [12] 𝑊 ≥ 2, 𝑅 ≥ 2, 𝑡 ≥ 1 ∅

between executions, it is more difficult to construct the in-

distinguishability we need for the impossibility proof. To

this end, we combine three consecutive rounds of chain ar-

guments, in order to hide the differences in the executions

from the 2-round-trip read operations.

• (Section 4) The first round-trip of a read operation might

update information on the servers, thus potentially affecting

the return values of other read operations. The effect from

the first round-trip of read operations may also break the

indistinguishability we try to construct. To this end, we use

sieve-based construction of executions to eliminate the effect

of the first round-trip of a read operation.

The impossibility proof for W1R2 implementations is the main

contribution of this work.

For W2R1 implementations, we prove the impossibility when

𝑅 ≥ 𝑆
𝑡 − 2. When 𝑅 < 𝑆

𝑡 − 2, we propose a W2R1 implementation.

The proof and the implementation are extensions to the results of

the single-writer case [12].

The contributions in this work conclude a series of studies on fast

implementations of distributed atomic registers. The contributions

of this work in light of results in the existing work are outlined in

Table 1.

The rest of this work is organized as follows. In Section 2, we

describe the preliminaries. Section 3 and Section 4 present the im-

possibility proof for W1R2 implementations. Section 5 outlines

the impossibility proof and the algorithm design of W2R1 imple-

mentations. Section 6 discusses the related work. In Section 7, we

conclude this work and discuss the future work.

2 PRELIMINARIES
In this section, we first describe the systemmodel and the definition

of atomicity. Then we outline the algorithm schema for multi-writer

atomic register implementations.

2.1 Atomic Register Emulation in
Message-passing Systems

We basically adopt the system model used in [12]. Specifically, a

replicated storage system considered in this work consists of three

disjoint sets of processes:

• the set Σ𝑠𝑣 of servers: Σ𝑠𝑣 = {𝑠1, 𝑠2, · · · , 𝑠𝑆 }.
• the set Σ𝑟𝑑 of readers: Σ𝑟𝑑 = {𝑟1, 𝑟2, · · · , 𝑟𝑅}.
• the set Σ𝑤𝑟 of writers: Σ𝑤𝑟 = {𝑤1,𝑤2, · · · ,𝑤𝑊 }.

Here, 𝑆 , 𝑅 and𝑊 denote the cardinalities of Σ𝑠𝑣 , Σ𝑟𝑑 and Σ𝑤𝑟 re-

spectively. The readers and the writers are also called clients. We

are concerned of multi-writer multi-reader implementations. Thus

we have𝑊 ≥ 2 and 𝑅 ≥ 2. In a distributed message-passing system,

we also have that 𝑆 ≥ 2. The clients and the servers communicate

by asynchronous message passing, via a bidirectional reliable com-

munication channel, as shown in Fig. 1. There is no communication

among the servers. For the simplicity of presentation, we assume

the existence of a discrete global clock, but the processes cannot

access the global clock. An implementation A of a shared register

is a collection of automata. Computation proceeds in steps of A.

An execution is a finite sequences of steps of A. In any given exe-

cution, any number of readers and writers, and 𝑡 out of 𝑆 servers

may crash.

r1, r2, …, rR w1, w2, …, wW

value

s1 ss

value

Figure 1: System model of read/write register emulation.

An atomic register is a distributed data structure that may be

concurrently accessed by multiple clients, yet providing an “illusion

of a sequential register" to the accessing processes. The atomic

register provides two types of operations. Only a writer can invoke

the write operation𝑤𝑟𝑖𝑡𝑒 (𝑣), which stores 𝑣 in the register. Only

a reader can invoke the read operation 𝑟𝑒𝑎𝑑 (), which returns the

value stored. We are concerned ofwait-free implementations, where

any read or write invocation eventually returns independently of

the status of other clients. Due to the locality property of atomicity

[17], we consider one single shared register.

We define an execution of the clients accessing the shared register
as a sequence of events where each event is either the invocation

or the response of a read or write operation. Each event in the

execution is tagged with a unique timestamp from the global clock,

and events appear in the execution in increasing order of their

timestamps. For execution 𝜎 , we can define the partial order be-

tween operations. Let 𝑂.𝑠 and 𝑂.𝑓 denote the timestamps of the

invocation and the response events of operation 𝑂 respectively.

We define 𝑂1 ≺𝜎 𝑂2 if 𝑂1 .𝑓 < 𝑂2 .𝑠 . We define 𝑂1 | |𝑂2 if neither

𝑂1 ≺𝜎 𝑂2 nor 𝑂2 ≺𝜎 𝑂1 holds. An execution 𝜎 is sequential if
𝜎 begins with an invocation, and each invocation is immediately

followed by its matching response. An execution 𝜎 is well-formed
if for each client 𝑝𝑖 , 𝜎 |𝑝𝑖 (the subsequence of 𝜎 restricted on 𝑝𝑖 ) is

sequential. Given the notations above, we can define atomicity:

Definition 2.1. A shared register provides atomicity if, for each

of its well-formed executions 𝜎 , there exists a permutation 𝜋 of all

operations in 𝜎 such that 𝜋 is sequential and satisfies the following

two requirements:

• [Real-time requirement] If 𝑂1 ≺𝜎 𝑂2, then 𝑂1 appears

before 𝑂2 in 𝜋 .

• [Read-from requirement] Each read returns the value writ-

ten by the latest preceding write in 𝜋 .
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2.2 Algorithm Schema for Multi-writer Atomic
Register Implementations

When studying fast implementations of multi-writer atomic reg-

isters, the critical operation we consider is the round-trip of com-

munication between the client and the servers. In each round-trip,

the client can query all the servers, i.e., collect useful information

from the servers. The client can also update all the servers, i.e., send
useful information to the servers. Upon receiving a query request,

the server replies the client as required. Upon receiving an update
request, the server first stores data sent from the client. Then it can

reply certain information if necessary, or it can simply reply an

ACK. Exemplar implementations can be found in [4, 5, 18, 23, 28].

Tuning the number of round-trips in emulation of a multi-writer

atomic register, we have four possible types of implementations

[25], as shown in Fig. 2. They are slow read-write implementation

(W2R2), fast write implementation (W1R2), fast read implemen-

tation (W2R1) and fast read-write implementation (W1R1). Fig. 2

can be viewed as the Hasse Diagram of the partial order among

implementations. The partial order relation can be thought of as

providing stronger consistency guarantees or inducing less data

access latency.

Note that, for atomic register implementations, when 2 round-

trips are sufficient, we do not consider implementations employing

𝑘 round-trips for 𝑘 ≥ 3. However, for impossibility of fast imple-

mentations, we need to consider the impossibility of W1R𝑘 and

W𝑘R1 implementations for𝑘 ≥ 3. The impossibility proofs ofW1R𝑘

and W𝑘R1 implementations are principally same with the impossi-

bility proofs of W1R2 and W2R1 implementations, as discussed in

Section 3 and Section 5 respectively.

High

Low

LATENCY

W2R2

W2R1 W1R2

W1R1

Strong

Weak

CO
NS

IS
TE
NC

Y

Figure 2: Algorithm schema formulti-writer atomic register
implementations.

3 FAST WRITE (W1R2): CHAIN ARGUMENTS
FOR IMPOSSIBILITY PROOF

We first present the impossibility proof for fast write (W1R2) im-

plementations. Specifically, we prove the following theorem:

Theorem 1 (W1R2 impossibility). Let 𝑡 ≥ 1,𝑊 ≥ 2 and 𝑅 ≥ 2.
There is no fast write (W1R2) atomic register implementation.

This impossibility result is proved by chain argument [6], which

is also used to prove the impossibility of W1R1 implementations

in [12]. The central issue in chain argument is to construct certain

indistinguishability between executions. Compared to the impos-

sibility proof of W1R1 implementations, the read operations now

have one more round-trip. This “one more round-trip" imposes two

critical challenges for constructing the indistinguishability:

(1) Obtaining more information from the second round-trip,

the read operations can now “beat" the indistinguishability

constructed in the W1R1 case. In our proof, we add one more

read operation and construct two more chains of executions,

in order to obtain the indistinguishability even when facing

two round-trips of read operations.

(2) The first round-trip of a read operation may update informa-

tion on the servers, thus possibly affecting the return values

of other read operations. The effect of the first round-trip

may also break the indistinguishability we plan to construct.

To cope with this challenge, we propose the sieve-based

construction of executions. We sieve all the servers and elim-

inate those which are affected by the first round-trip of a

read operation. On the servers that remain after the sieving,

we show that the chain argument can still be successfully

conducted.

This section addresses the first challenge and presents the chain

argument. In Section 4, we address the second challenge and discuss

how to eliminate effects of the first round-trip. Note that the impos-

sibility proof of W1R2 implementations also applies for W1R𝑘 im-

plementations for 𝑘 ≥ 3. We can combine the round-trips 2, 3, · · · , 𝑘
as if they were one single round-trip. The chain argument still ap-

plies.

3.1 Overview
It suffices to show the impossibility in a system where 𝑆 ≥ 3

2
,

𝑊 = 2, 𝑅 = 2 and 𝑡 = 1. In the proof, we use two write operations

𝑊1 and𝑊2 (issued by writers𝑤1 and𝑤2 respectively) and two read

operations 𝑅1 and 𝑅2 (issued by readers 𝑟1 and 𝑟2 respectively).

Since 𝑡 = 1, the read operation must be able to return when one

server gives no response. When constructing an execution, we say

one round-trip in an operation skips one server 𝑠 , if the messages

between the client and the server are delayed a sufficiently long

period of time (e.g. until the rest of the execution has finished). If

one round-trip of communication does not skip any server, we say

it is skip-free.
In a chain argument, we will construct a chain of executions,

where two consecutive executions in the chain differ only on one

server. Since in two end executions of the chain the read operations

return different values, there must be some “critical server". The

change on the critical server results in the difference in the return

values. We intentionally let the read operation skip the critical

server. This will construct the indistinguishability we need (as

detailed in Section 3.2).

In a chain argument, we may also utilize the relation between

operations to construct the indistinguishability (as detailed in Sec-

tion 3.4). Specifically, one operation cannot notice the differences

in executions after it has finished. Moreover, the operation cannot

notice the differences on one server if it skips this server.

The indistinguishability makes the read operations return the

same value in two executions. However, construction of the chain

of executions tells us that the two executions should return different

values (note that within one execution, two reads must return the

2
In a replicated system, we have 𝑆 ≥ 2. When 𝑆 = 2 while 𝑡 = 1, it is trivial to prove

the impossibility.
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same value, as required by the definition of atomicity). This leads

to contradiction.

To beat the ability of the read operation to employ two round-

trips of communications, we need to conduct a series of chain

arguments. The proof will be presented in three phases, each phase

constructing one chain, as shown in Fig. 3. For the ease of presen-

tation, we assume in the chain argument that the first round-trip

of a read operation will not affect the return values of other read

operations. In Section 4, we will explain how to lift this assumption.

3.2 Phase 1: Chain 𝛼 and Critical Server 𝑠𝑖1
To construct chain 𝛼 , we first construct the “head" and the “tail"

executions:

• Head execution 𝛼ℎ𝑒𝑎𝑑 consists of the following three non-

concurrent operations: i) a skip-free𝑊1 = 𝑤𝑟𝑖𝑡𝑒 (1), which
precedes ii) a skip-free𝑊2 = 𝑤𝑟𝑖𝑡𝑒 (2), which precedes iii) a

skip-free 𝑅1 = 𝑟𝑒𝑎𝑑 (). Note that all servers receive the three
operations in this order. In 𝛼ℎ𝑒𝑎𝑑 , 𝑅1 returns 2 (as required

by the definition of atomicity).

• Tail execution𝛼𝑡𝑎𝑖𝑙 consists of the same three non-concurrent

operations, but the temporal order is𝑊2,𝑊1 and 𝑅1. In 𝛼𝑡𝑎𝑖𝑙 ,

𝑅1 returns 1.

Let 𝛼0 = 𝛼ℎ𝑒𝑎𝑑 . From 𝛼0 we construct 𝛼1, the next execution in the

chain, as follows. Execution 𝛼1 is identical to 𝛼0 except that server

𝑠1 receives𝑊2 first, and then𝑊1 and 𝑅1. That is, we “swap" two

write operations on 𝑠1 and everything else is unchanged. Contin-

uing this “swapping" process, we swap two write operations on

𝑠𝑖 in 𝛼𝑖−1 and obtain 𝛼𝑖 , for all 1 ≤ 𝑖 ≤ 𝑆 . Thus we obtain chain

𝛼 = (𝛼0, 𝛼1, · · · , 𝛼𝑆 ). Note that 𝑅1 cannot distinguish 𝛼𝑆 from 𝛼𝑡𝑎𝑖𝑙 .

Thus, 𝑅1 returns 1 in 𝛼𝑆 , while it returns 2 in 𝛼0.

Since 𝑅1 returns different values in two ends of the chain, there

must exist two consecutive executions 𝛼𝑖1−1 and 𝛼𝑖1 (1 ≤ 𝑖1 ≤ 𝑆),

such that 𝑅1 returns 2 in 𝛼𝑖1−1 and returns 1 in 𝛼𝑖1 . Note that 𝛼𝑖1−1
and 𝛼𝑖1 differ only on one “critical server" 𝑠𝑖1 , i.e., 𝑠𝑖1 receives𝑊1

first in 𝛼𝑖1−1, and receives𝑊2 first in 𝛼𝑖1 . This critical server 𝑠𝑖1
will be intentionally skipped to obtain indistinguishability, when

constructing chain 𝛽 in Phase 2 below.

3.3 Phase 2: Chain 𝛽 Derived from Chain 𝛽 ′

and Chain 𝛽 ′′

In Phase 2 of our proof, we basically append the second read oper-

ation 𝑅2 to executions in chain 𝛼 and obtain chain 𝛽 . We actually

construct two candidate chains 𝛽 ′ and 𝛽 ′′, and modify one of them

to get chain 𝛽 , depending on what the return value of 𝑅2 is. Chain

𝛽 ′ and 𝛽 ′′ stem from execution 𝛼𝑖1−1 and 𝛼𝑖1 respectively, i.e. two
executions pertained to the critical change on the critical server.

Since the read operations consist of two round-trips, we denote

the two round-trips of read operation 𝑅𝑖 as 𝑅
(1)
𝑖

and 𝑅
(2)
𝑖

(𝑖 = 1, 2).

We extend execution 𝛼𝑖1−1 with the second read operation 𝑅2. We

interleave the round-trips of 𝑅1 and 𝑅2 as follows: the four round-

trips are non-concurrent and the temporal order is 𝑅
(1)
1

, 𝑅
(1)
2

, 𝑅
(2)
1

and 𝑅
(2)
2

on all servers 𝑠𝑖 (1 ≤ 𝑖 ≤ 𝑆), as shown in Fig. 3. This

execution is named 𝛽 ′
ℎ𝑒𝑎𝑑

= 𝛽 ′
0
. To construct chain 𝛽 ′, we will swap

𝑅
(2)
1

and 𝑅
(2)
2

on one server a time. Specifically, for 1 ≤ 𝑖 ≤ 𝑆 , 𝛽 ′
𝑖

is the same with 𝛽 ′
𝑖−1, except that server 𝑠𝑖 receives 𝑅

(2)
1

first in

𝛽 ′
𝑖−1, and receives 𝑅

(2)
2

first in 𝛽 ′
𝑖
. The last execution of the chain is

𝛽 ′
𝑡𝑎𝑖𝑙

= 𝛽 ′
𝑆
.

We then extend execution 𝛼𝑖1 in the same way, and get 𝛽 ′′
ℎ𝑒𝑎𝑑

=

𝛽 ′′
0
. We also do the swapping in the same way and get executions

𝛽 ′′
1
, 𝛽 ′′

2
, · · · , 𝛽 ′′

𝑆
. The only difference between chain 𝛽 ′ and 𝛽 ′′ is

that, chain 𝛽 ′ stems from execution 𝛼𝑖1−1, while chain 𝛽 ′′ stems

from 𝛼𝑖1 . Thus, 𝑅1 returns 2 in chain 𝛽 ′, while returning 1 in chain

𝛽 ′′. This is because, the return value of 𝑅1 is decided by executions

𝛼𝑖1−1 and 𝛼𝑖1 . Appending the read operation 𝑅2 should not change

the return value of an existing read, as required by the definition

of atomicity.

The only server which can tell the difference between 𝛽 ′ and 𝛽 ′′

is 𝑠𝑖1 , the critical server in chain 𝛼 . Now we modify tail executions

𝛽 ′
𝑡𝑎𝑖𝑙

and 𝛽 ′′
𝑡𝑎𝑖𝑙

, in order to obtain the indistinguishabilitywe need. In

both tail executions 𝛽 ′
𝑡𝑎𝑖𝑙

and 𝛽 ′′
𝑡𝑎𝑖𝑙

, we let 𝑅2 (both round-trips) skip

server 𝑠𝑖1 . Thus the (modified) 𝛽 ′
𝑡𝑎𝑖𝑙

and 𝛽 ′′
𝑡𝑎𝑖𝑙

are indistinguishable

to𝑅2, and𝑅2 returns the same value in bothmodified tail executions.

To construct chain 𝛽 , we must start from either 𝛽 ′ or 𝛽 ′′, and
revise the chosen candidate chain into chain 𝛽 . The criteria for

choosing a chain is that the candidate chain must enable us to

make the read operations in the two end executions 𝛽0 and 𝛽𝑆 have

different return values. Without loss of generality, we assume that

𝑅2 returns 1 in both 𝛽 ′
𝑡𝑎𝑖𝑙

and 𝛽 ′′
𝑡𝑎𝑖𝑙

(modified, with 𝑅2 skipping 𝑠𝑖1 ).

In 𝛽 ′
0
, since 𝑅1 returns 2, according to the definition of atomicity,

we have that 𝑅2 must also return 2 in 𝛽 ′
0
. Thus, we choose chain 𝛽 ′.

We modify chain 𝛽 ′ to obtain chain 𝛽 as follows. For every

execution in chain 𝛽 ′, we let 𝑅2 (both round-trips) skip 𝑠𝑖1 and

obtain every corresponding execution in chain 𝛽 . That is, 𝑅2 in

chain 𝛽 ′ is skip-free while 𝑅2 in chain 𝛽 skips 𝑠𝑖1 (if 𝑅2 returns 2

in both modified 𝛽 ′
𝑡𝑎𝑖𝑙

and 𝛽 ′′
𝑡𝑎𝑖𝑙

, we will choose to revise chain 𝛽 ′′,
and obtain chain 𝛽 in the same way). Chain 𝛽 servers as the basis

for construction of chain 𝛾 and Z in Phase 3 of our proof.

3.4 Phase 3: Zigzag Chain Z Combining Chain
𝛽 and 𝛾

Given chain 𝛽 , we have that 𝑅1 and 𝑅2 both return 2 in 𝛽0, while

both read operations return 1 in 𝛽𝑆 . Now in Phase 3, we will first

construct chain 𝛾 = (𝛾0, 𝛾1, · · · , 𝛾𝑆−1). Then we combine chain 𝛽

and 𝛾 , and obtain the zigzag chain Z, as shown in Fig. 3.

For any two executions 𝑥 and 𝑥 ′ from chain 𝛽 and 𝛾 , we define

an equivalence relation: 𝑥 ≈ 𝑥 ′ when 𝑅1 and 𝑅2 return the same

value in both 𝑥 and 𝑥 ′. Note that 𝑅1 and 𝑅2 must return the same

value in one execution, as required by the definition of atomicity.

We will prove that all executions in chain Z are connected by the ‘≈’
relation, i.e., 𝛽0 ≈ 𝛾0 ≈ 𝛽1 ≈ 𝛾1 ≈ · · · 𝛽𝑆−1 ≈ 𝛾𝑆−1 ≈ 𝛽𝑆 . According

to our construction in Phase 1 and 2, we have that 𝛽0 0 𝛽𝑆 . This

leads to contradiction.

We first construct the horizontal links in chain Z, i.e., ∀0 ≤ 𝑘 ≤
𝑆 −1, 𝛽𝑘 ≈ 𝛾𝑘 in Section 3.4.1. Then we construct the diagonal links,

i.e., ∀0 ≤ 𝑘 ≤ 𝑆 − 1, 𝛽𝑘+1 ≈ 𝛾𝑘 in Section 3.4.2.

3.4.1 Horizontal link from 𝛽𝑘 to 𝛾𝑘 . We first construct execution

𝛾𝑘 from 𝛽𝑘 (0 ≤ 𝑘 ≤ 𝑆 − 1). The construction process implies that

𝛽𝑘 ≈ 𝛾𝑘 . The key behind the process is still constructing certain
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Figure 3: Proof overview.

indistinguishability. When constructing 𝛾𝑖 , we need to utilize two

sources of indistinguishability:

(1) When 𝑅
(2)
1

finishes before 𝑅
(2)
2

on some server 𝑠𝑥 , and we

modify 𝑅
(2)
2

on 𝑠𝑥 , 𝑅
(2)
1

will not notice the change (behind

its back).

(2) When 𝑅
(2)
2

skips 𝑠𝑥 , and we modify 𝑅1 on 𝑠𝑥 , 𝑅2 will not

notice the change.

The construction is shown in Fig. 4 and Fig. 5, from the reader’s

view and the server’s view respectively.

βk tempk γk

{R1} {R2}

R2 = x

R1 = x ⇒ R1 = x

R2 = x R2 = x

R1 = x

⇒

R1 = R2
required by atomicity tempk .R2 = γk .R2

based on indistinguishability

h-link

Figure 4: Construction of the horizontal link: the reader’s
view.

Before the construction of 𝛾𝑘 , we need to review the characteris-

tics of all executions in chain 𝛽 . For every execution 𝛽𝑘 (0 ≤ 𝑘 ≤ 𝑆),

operation 𝑅1 (both round-trips) is skip-free, while 𝑅2 (both round-

trips) skips exactly one server 𝑠𝑖1 (the critical server obtained from

chain 𝛼 , see Section 3.2). In the construction of 𝛾𝑘 , we will change

R2
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… …
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2020.5.10改-hlink
2020.5.21改大字体Figure 5: Construction of the horizontal link: the server’s

view.

the server 𝑅
(2)
2

skips. We will also let 𝑅
(2)
1

skip one server. No other

modifications will be made to 𝛽𝑘 . Also note that starting from 𝛽0,

for 𝑘 = 1, 2, · · · , 𝑆 , we do the swapping in 𝑠𝑘 and obtain execution

𝛽𝑘 . That is, for 𝛽𝑘 , 𝑠𝑘+1 sees 𝑅
(2)
1

and then 𝑅
(2)
2

(not swapped); while

𝑠𝑘 sees 𝑅
(2)
2

and then 𝑅
(2)
1

(swapped).

From 𝛽𝑘 , we will create 𝛾𝑘 as follows. In construction of 𝛾𝑘 ,

we only modify 𝑅
(2)
1

and 𝑅
(2)
2

, i.e., the first round-trips of both

operations are unchanged. In 𝛽𝑘 , the swapping takes place on 𝑠𝑘
and we will pick the first not-swapped server, i.e., 𝑠𝑘+1. Server
𝑠𝑘+1 finishes 𝑅

(2)
1

before it receives 𝑅
(2)
2

. We create a temporary

execution 𝑡𝑒𝑚𝑝𝑘 which is the same with 𝛽𝑘 except that 𝑅
(2)
2

skips

𝑠𝑘+1 and does not skip 𝑠𝑖1 . The only two servers affected are 𝑠𝑘+1
and 𝑠𝑖1 . Note that here we assume that 𝑘 +1 ≠ 𝑖1. The case 𝑘 +1 = 𝑖1
(which is actually simpler) will be discussed separately below. For

the two servers affected, we verify the indistinguishability for 𝑅1
(see Fig. 5):
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• For 𝑠𝑘+1, 𝑅1 cannot see any difference since 𝑅1 finishes first.

• For 𝑠𝑖1 , previously 𝑅
(2)
2

skips 𝑠𝑖1 (in 𝛽𝑘 ) and now we add 𝑅
(2)
2

back on 𝑠𝑖1 (in 𝑡𝑒𝑚𝑝𝑘 ). We can intentionally add 𝑅
(2)
2

after

𝑅
(2)
1

on 𝑠𝑖1 . Thus 𝑅1 still cannot see any difference.

Thus 𝑅1 cannot distinguish 𝛽𝑘 from 𝑡𝑒𝑚𝑝𝑘 , and 𝑅1 will return

the same value in both executions (see Fig. 4). As required by the

definition of atomicity, 𝑅2 will return the same value with 𝑅1, thus

returning the same value in both executions. This gives us that

𝛽𝑘 ≈ 𝑡𝑒𝑚𝑝𝑘 .

Nowwe create execution𝛾𝑘 which is the samewith 𝑡𝑒𝑚𝑝𝑘 except

that 𝑅
(2)
1

skips 𝑠𝑘+1 (note that in 𝛽𝑘 and 𝑡𝑒𝑚𝑝𝑘 , 𝑅
(2)
1

is skip-free).

The only change takes place on 𝑠𝑘+1. Since 𝑅
(2)
2

skips 𝑠𝑘+1 in both

𝑡𝑒𝑚𝑝𝑘 and 𝛾𝑘 , 𝑅2 cannot distinguish 𝑡𝑒𝑚𝑝𝑘 from 𝛾𝑘 . Thus we have

that 𝑅2 will return the same value in 𝑡𝑒𝑚𝑝𝑘 and 𝛾𝑘 (see Fig. 4). Also

as required by the definition of atomicity, 𝑅1 will return the same

value in both executions. This gives us 𝑡𝑒𝑚𝑝𝑘 ≈ 𝛾𝑘 .

Finally, combining the two links above (see Fig. 4 and Fig. 5),

we have 𝛽𝑘 ≈ 𝛾𝑘 . Here note that since 𝑅
(2)
2

skips 𝑠𝑘+1, it seems

unnecessary for 𝑅1 to skip 𝑠𝑘+1 in 𝛾𝑘 . For the proof till now, it is

indeed unnecessary. However, we need to let 𝑅1 skip 𝑠𝑘+1 here, in
order to construct the diagonal link between 𝛽𝑘+1 and 𝛾𝑘 later in

the following Section 3.4.2.

In the proof above, we left out the case 𝑘 + 1 = 𝑖1, which is

discussed here. When 𝑘 + 1 = 𝑖1, we create 𝛾𝑘 as follows. In 𝛽𝑘 , 𝑠𝑘+1
only receives 𝑅

(2)
1

(since 𝑅
(2)
2

skips 𝑠𝑖1 = 𝑠𝑘+1). We let 𝑅
(2)
1

skip 𝑠𝑘+1,

and get 𝛾𝑘 . Since 𝑅
(2)
2

skips 𝑠𝑘+1, 𝑅2 cannot distinguish 𝛽𝑘 from 𝛾𝑘
and will return the same value. As required by the definition of

atomicity, 𝑅1 will also return the same value in 𝛽𝑘 and 𝛾𝑘 . Thus we

still have 𝛽𝑘 ≈ 𝛾𝑘 when 𝑘 + 1 = 𝑖1.

3.4.2 Diagonal link from 𝛽𝑘+1 to 𝛾𝑘 . Now we construct the di-

agonal link. We will create from 𝛽𝑘+1 executions 𝑡𝑒𝑚𝑝 ′
𝑘
and 𝛾 ′

𝑘
(0 ≤ 𝑘 ≤ 𝑆 − 1). The construction is principally the same with

the construction of the horizontal link. We need to show that

𝛽𝑘+1 ≈ 𝑡𝑒𝑚𝑝 ′
𝑘

≈ 𝛾 ′
𝑘
. As for 𝛾 ′

𝑘
and 𝛾𝑘 , the executions on all

servers, together with the order among operations, are the same. It

is straightforward to verify that 𝛾 ′
𝑘
≈ 𝛾𝑘 (so we do not show 𝛾 ′

𝑘
in

Phase 3 in Fig. 3). Thus we can obtain the diagonal link, meaning

that 𝛽𝑘+1 ≈ 𝛾𝑘 . Now we explain construction of the diagonal link

in detail.

First note that in 𝛽𝑘+1, the “swapping" (see Section 3.3) takes

place in 𝑠𝑘+1. Thus 𝑠𝑘+1 sees 𝑅
(2)
2

first and then 𝑅
(2)
1

. We create

execution 𝑡𝑒𝑚𝑝 ′
𝑘
which is the same with 𝛽𝑘+1, except that 𝑅

(2)
1

skips 𝑠𝑘+1. The only difference between 𝑡𝑒𝑚𝑝 ′
𝑘
and 𝛽𝑘+1 is on 𝑠𝑘+1.

Since 𝑅
(2)
2

finishes first on 𝑠𝑘+1, we have that 𝑅2 cannot distinguish
𝛽𝑘+1 from 𝑡𝑒𝑚𝑝 ′

𝑘
, as shown in Fig. 6. So 𝑅2 will return the same

value in 𝛽𝑘+1 and 𝑡𝑒𝑚𝑝 ′
𝑘
. As required by the definition of atomicity,

𝑅1 will also return the same value in 𝛽𝑘+1 and 𝑡𝑒𝑚𝑝 ′
𝑘
. Thus we have

𝛽𝑘+1 ≈ 𝑡𝑒𝑚𝑝 ′
𝑘
. The construction from the server’s view is shown

in Fig. 7.

Now we construct execution 𝛾 ′
𝑘
, which is the same with 𝑡𝑒𝑚𝑝 ′

𝑘

except that 𝑅
(2)
2

skips 𝑠𝑘+1 and does not skip 𝑠𝑖1 (see Fig. 7). Similar

to the horizontal link case, here we assume that 𝑘 + 1 ≠ 𝑖1. We will

discuss the simpler case “𝑘 + 1 = 𝑖1" below. We need to show that

βk+1 temp’k γ'k

{R2} {R1}

R1 = x

R2 = x ⇒ R2 = x

R1 = x R1 = x

R2 = x

⇒
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based on indistinguishability

d-link

Figure 6: Construction of the diagonal link: the reader’s
view.

R2
(2)

R2
(2) skips

sk R1
(2)

R2
(2)sk+1 R1

(2)

… …

R1
(2)𝑆௜భ

βk+1

R2
(2)

R1
(2) skips

sk R1
(2)

R2
(2)sk+1

… …

R1
(2)𝑆௜భ

temp’k

R2
(2)

R1
(2) skips

sk R1
(2)

sk+1

R2
(2)

… …

R1
(2)𝑆௜భ

γ'k

R2
(2) skips

{R2} {R1}

R2
(2) skips

2020.5.10改-dlink
2020.5.21改大字体Figure 7: Construction of the diagonal link: the server’s

view.

𝑅1 cannot distinguish 𝑡𝑒𝑚𝑝 ′
𝑘
from 𝛾 ′

𝑘
. The differences concern two

servers 𝑠𝑘+1 and 𝑠𝑖1 :

• As for 𝑠𝑘+1, since 𝑅
(2)
1

skips 𝑠𝑘+1, 𝑅1 will not see the differ-

ence that 𝑅
(2)
2

skips 𝑠𝑘+1.

• As for 𝑠𝑖1 , now we add 𝑅
(2)
2

back on 𝑠𝑖1 . We can add 𝑅
(2)
2

after 𝑅
(2)
1

on 𝑠𝑖1 . Thus 𝑅1 finishes first on 𝑠𝑖1 , not being able

to distinguish 𝑡𝑒𝑚𝑝 ′
𝑘
from 𝛾 ′

𝑘
.

Thus we have that 𝑅1 returns the same value in 𝑡𝑒𝑚𝑝 ′
𝑘
and 𝛾 ′

𝑘
. As

required by the definition of atomicity, 𝑅2 will also return the same

value in both executions. This gives us that 𝑡𝑒𝑚𝑝 ′
𝑘
≈ 𝛾 ′

𝑘
.

It is straightforward to check that behaviors of 𝑅1 and 𝑅2 on

every server, as well as the order among operations, in 𝛾𝑖 and 𝛾
′
𝑖

are the same. Thus we have 𝛾 ′
𝑖
≈ 𝛾𝑖 . Note that here we can see

the importance of the seemingly unnecessary change from 𝑡𝑒𝑚𝑝𝑘

to 𝛾𝑘 (in Section 3.4.1): letting 𝑅
(2)
1

skip 𝑠𝑘+1. The “unnecessary"

skipping of 𝑅
(2)
1

in the horizontal link helps us make 𝛾𝑘 and 𝛾 ′
𝑘

behave principally in the same way. Finally, this gives us 𝛽𝑘+1 ≈ 𝛾𝑘 .

There is still the case “𝑘 + 1 = 𝑖1" left, which is also simpler. We

create 𝛾 ′
𝑘
as follows. In 𝛽𝑘+1, 𝑠𝑘+1 only receives 𝑅

(2)
1

. Let 𝑅
(2)
1

skip

𝑠𝑘+1, and we will get 𝛾 ′
𝑘
. Since 𝑅2 skips 𝑠𝑘+1, 𝑅2 cannot distinguish

𝛽𝑘+1 from 𝛾 ′
𝑘
and will return the same value. As required by the

definition of atomicity, 𝑅1 will return the same value in 𝛽𝑘+1 and
𝛾 ′
𝑘
too. Thus we still have 𝛽𝑘+1 ≈ 𝛾 ′

𝑘
.

All the horizontal and diagonal links finally connects 𝛽0 and 𝛽𝑆 ,

meaning that 𝑅1 and 𝑅2 return the same value in both executions.
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However, according to our construction of the chains, 𝑅1 and 𝑅2
return different values in 𝛽0 and 𝛽𝑆 . This leads to contradiction,

which finishes our impossibility proof.

4 FAST WRITE (W1R2): SIEVE-BASED
CONSTRUCTION OF EXECUTIONS

Informally speaking, it is reasonable to think that the first round-

trip of a read operation should not change the information stored

on the servers, thus being not able to affect the return values of

other read operations. It is because in the first round-trip, the reader

knows nothing about what happens on the servers and other clients.

It should not “blindly" affect the servers.

Following the intuition above, we prove that in our chain ar-

gument in Section 3, if 𝑅
(1)
2

affects certain servers, such servers

cannot affect our chain argument. Thus we sieve all the servers and

only those which actually decide the return values of 𝑅1 remain. We

restrict our chain argument in Section 3 to the remaining servers

and can still obtain the contradiction.

Before sieving the servers, we need an abstract model which can

capture the essence of the interaction between clients and servers

in W1R2 implementations. Only with this abstract model can we

discuss what the effect is when we say that the server is affected

by the first round-trip of a read. In analogy, the role of this abstract

model is like that of the decision-tree model, which is used to derive

the lower bound of time complexity for comparison-based sorting

algorithms [11]. We name this model the crucial-info model and

present it in Section 4.1. With the crucial-info model, we discuss in

Section 4.2 how we can eliminate the servers which have no effect

on the return values of read operations. We further explain how

our chain argument can be successfully conducted on servers that

remain.

4.1 The Crucial-Info Model
We first present the full-info model, which is the basis for present-

ing the crucial-info model. When considering an atomic register

implementation, we only care about the number of round-trips to

complete a read or write operation. To this end, we use a full-info
model, where the server is designed as an append-only log. The

server just append everything it receives from the writers and read-

ers in its log (never deleting any information). The clients can send

arbitrary information to the servers. The clients can also arbitrarily

modify the information stored on the servers. The server itself and

the clients can always check the log to decide what data the server

holds in any moment in the execution.

When the client queries information from the server, the server

just replies the client with all the log it currently has. When the

client obtains the full-info logs from multiple servers, it derives

from the logs what to do next, .e.g. deciding a return value or issuing

another round-trip of communication. Since we only care about the

number of round-trips required in an implementation, we assume

that the communication channel has sufficient bandwidth and the

clients and servers have sufficient computing power. Implementa-

tions following this model are called full-info implementations.

This full-info model is for the theoretical analysis on the lower

bound of the number of round-trips. Obviously, full-info implemen-

tations can be optimized to obtain practically efficient implementa-

tions. Since no implementation will use less round-trips than the

full-info implementation, we only need to prove that there is no

W1R2 full-info implementation of the atomic register. Based on the

full-info model, we can refine certain crucial information the servers
must maintain. Such crucial information must be stored, modified

and disseminated among the clients and the servers, as long as

the implementation is a correct atomic register implementation.

Specifically, in the executions constructed in our impossibility proof

(Section 3), when the writer writes the value “1" to the servers, the

server must store the crucial information “1". Besides this crucial

information, the server can store any auxiliary information it needs,

but we are not concerned of such non-crucial information. In anal-

ogy, in comparison-based sorting, we only record which elements

are compared and what the results are in the decision tree. Other

information is not of our concern when deriving the lower bound

of the time complexity of comparison-based sorting.

When two writers write “1" and “2", no matter what the temporal

relation between the two write operations is, the server receives the

crucial information in certain sequential order, and we store this

crucial information as “12" or “21". In order to determine the return

value, the reader collects the crucial information “12" or “21" from

no less than 𝑆 − 𝑡 servers. According to the definition of atomicity,

the reader needs to infer the temporal relation between the two

write operations𝑊1 and𝑊2. Then it can decide the return value.

In executions we construct in our proof, the only possible relations

between𝑊1 and𝑊2 are:

• Rel1:𝑊1 precedes𝑊2.

• Rel2:𝑊1 is concurrent with𝑊2.

• Rel3:𝑊2 precedes𝑊1.

In the executions in chain 𝛼 , 𝛽 , 𝛾 and Z, there are two essential

cases for the reader to decide a return value:

• If the reader cannot differentiate Rel1 (or Rel3) from Rel2,

then it must return 2 (or 1).

• If two readers both see Rel2, they need to coordinate (through

the servers) to make sure that they decide the same return

value.

In other cases, the reader can obviously decide what it should

return. Note that we only have client-server interaction, i.e., the

servers do not communicate with other servers and the clients do

not communicate with other clients.

Given the crucial-info model, we can now describe how the first

round-trip of a read operation𝑅
(1)
𝑖

affects another read operation𝑅 𝑗 .

When 𝑅
(1)
𝑖

affects 𝑅 𝑗 , 𝑅
(1)
𝑖

must change the crucial information on

some servers, while such modified crucial information is obtained

by 𝑅 𝑗 . Note that 𝑅 𝑗 may be affected (i.e., the indistinguishability is

broken) since the crucial information it obtains from the servers

changes, but 𝑅 𝑗 could still decide the same return value even if the

crucial information has changed.

In the executions in our proof, the reader only needs to derive the

temporal relation between𝑊1 and𝑊2. The only crucial information

that can be stored on the server is the temporal order between𝑊1
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and𝑊2 the server sees. The possible values of the crucial infor-

mation on the server are “12" and “21". The first round-trip of the

reader can only affect the server by changing the crucial informa-

tion from “12" to “21" or vise versa, as long as the implementation

correctly guarantees atomicity.

Given the crucial-info model, we can explain how we sieve the

serves, as well as how the chain argument can be successfully

conducted after the affected servers are eliminated.

4.2 Eliminating the Affected Servers
We conduct the sieving when we append 𝑅

(1)
2

to executions in

chain 𝛼 = (𝛼0, 𝛼1, · · · , 𝛼𝑆 ). From 𝛼0, we append the second read

operation 𝑅2, and discuss the effect of 𝑅
(1)
2

on the return value of 𝑅1.

Now we have three non-concurrent round-trips 𝑅
(1)
1

, 𝑅
(1)
2

and 𝑅
(2)
1

,

as shown in Phase 2 of Fig. 3. We are concerned of what happens

to our chain argument proof (in Section 3) if 𝑅
(1)
2

may affect (the

crucial information on) some servers and may potentially affect

the return value of 𝑅1 (more specifically, 𝑅
(2)
1

), thus breaking the

indistinguishability we try to construct.

Considering the effect of 𝑅
(1)
2

, we partition all servers Σ𝑠𝑣 into
two subsets Σ1 and Σ2, as shown in Fig. 8. Set Σ1 contains all servers

whose crucial information is affected by 𝑅
(1)
2

, while Σ2 contains
all servers whose crucial information is not affected. Without loss of

generality, we let Σ2 = {𝑠1, 𝑠2, · · · , 𝑠𝑥 } and Σ1 = {𝑠𝑥+1, 𝑠𝑥+2, · · · , 𝑠𝑆 }.
According to our construction of 𝛼0, every server in Σ2 contains
crucial information “12". At first, the crucial information stored on

servers in Σ1 is also “12". According to the crucial-info model, the

only effect on the server which can affect the return value of read

operations is changing this “12" to “21". So after servers in Σ1 are

affected by 𝑅
(1)
2

, their crucial info is changed from “12" to “21". We

denote this execution where servers in 𝑆1 are affected by 𝑅
(1)
2

as

𝛼0.

In 𝛼0, we have that𝑅1 must return 2. It is because𝑊1 precedes𝑊2

by construction, and in any correct atomic register implementation,

read operations after𝑊2 should return 2. Whatever the effect of

𝑅
(1)
2

is, it should not prevent 𝑅1 from returning 2. For the chain

argument, we need to construct the other end of the chain. We

still do the swapping one server a time. Execution 𝛼𝑖 is the same

with 𝛼𝑖−1 except for 𝑠𝑖 , for 1 ≤ 𝑖 ≤ 𝑥 . The crucial information on

𝑠𝑖 is “12" in 𝛼𝑖−1, while the crucial information on 𝑠𝑖 is “21" in 𝛼𝑖 .

We do the swapping one server a time for all servers in Σ2. The
tail execution of chain is 𝛼𝑡𝑎𝑖𝑙 = 𝛼𝑥 , as shown in Fig. 8. Note that

the chain becomes “shorter". Servers in Σ1 are unchanged, in all

executions 𝛼0, 𝛼1, · · · , 𝛼𝑥 .
Now we describe the sieving process to eliminate servers in Σ1

from our chain argument. As for execution 𝛼𝑥 , consider the servers

in Σ1. They do the computation the sameway they do in𝛼0, i.e., they

first contain crucial info “12", then is affected by 𝑅
(1)
2

and change

their crucial info to “21". Note that the effect of 𝑅
(1)
2

is “blind" effect

because it does not obtain any information from the outside world

first. The servers in Σ1 and the reader 𝑟2 of round-trip 𝑅
(1)
2

will not

differentiate 𝛼𝑥 from 𝛼0. Thus all servers in Σ1 behave the same

way in both executions, and they will have crucial info “21".

As for servers in Σ2 in 𝛼𝑥 , after𝑊1 and𝑊2, all servers in Σ2 have
crucial information “21". This crucial information should remain

“21" after 𝑅
(1)
1

and 𝑅
(1)
2

. Assume for contradiction that the crucial

information on some server 𝑠𝑦 in Σ2 has been affected by 𝑅
(1)
1

and

𝑅
(1)
2

, and is changed from “21" to “12". Combining the behavior

of 𝑠𝑦 in both 𝛼0 and 𝛼𝑥 , we find that 𝑠𝑦 always end with crucial

information “12" after 𝑅
(1)
1

and 𝑅
(1)
2

, no matter what the write

operations write on the servers. Such servers obviously cannot

decide the return value of 𝑅1 and can be safely eliminated. So we

can assume that all servers in Σ2 in 𝛼𝑥 have crucial information

“21" after 𝑅
(1)
1

and 𝑅
(1)
2

.

In this way, 𝑅1 will see all servers have crucial info “21" in 𝛼𝑥 ,

and 𝑅1 must return 1 in execution 𝛼𝑥 . We thus obtain the key

property required for the chain argument: in two end executions

of the chain 𝛼 = (𝛼0, 𝛼1, · · ·𝛼𝑥 ), 𝑅1 return different values. Note

that the length of the chain will not affect our chain argument in

Section 3, as long as we have enough servers left for the chain

argument. Operation 𝑅1 uses crucial information only from servers

in Σ2. Crucial information on servers in Σ1 have been affected,

and the change in this crucial information will not affect that 𝑅1
returns 2. Since 𝑡 = 1 and servers in Σ2 can enable a correct atomic

register implementation (we have this assumption to derive the

contradiction), we have at least 3 servers in Σ2.
Another threat to clarify is that when constructing chain 𝛽 ′, 𝛽 ′′

and 𝛽 , the chains are based on the swapping among all servers, i.e.,

chain 𝛽 ′, 𝛽 ′′ and 𝛽 all have length 𝑆 + 1 even after the sieving. That

is to say, the sieving is only conducted on executions in chain 𝛼 ,

in order to obtain the critical server 𝑠𝑖1 . This raises the potential

threat that when constructing 𝛽0, 𝛽1, · · · , 𝛽𝑆 , what happens if 𝑅 (1)
1

affects the return value of 𝑅2. Observe that in our proof, we only

use the fact that, when 𝑅2 (both round-trips) skips 𝑠𝑖1 in executions

𝛽 ′
𝑆
and 𝛽 ′′

𝑆
, 𝑅2 returns the same value. This means that, no matter

what the effect of 𝑅
(1)
1

is, 𝑅2 still returns the same values in both

𝛽 ′
𝑆
and 𝛽 ′′

𝑆
, as long as the critical server is skipped. Thus our chain

argument can successfully go on as in Section 3.
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Figure 8: Eliminating servers affected by 𝑅
(1)
2

.

5 FAST READ (W2R1): IMPOSSIBILITY AND
IMPLEMENTATION

In this section, we discuss the impossibility and implementation

of fast read (W2R1) multi-writer atomic registers. The necessary
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and sufficient condition of a W2R1 implementation is 𝑅 < 𝑆
𝑡 − 2,

which is the same with that of the single-writer case [12]. The

impossibility proof and the algorithm design are also obtained by

extending their counterparts in the single-writer case.

5.1 Impossibility when 𝑅 ≥ 𝑆
𝑡
− 2

We need to prove that it is impossible to obtain aW2R1 implementa-

tion when 𝑅 ≥ 𝑆
𝑡 −2 in the multi-writer case. It is sufficient to prove

that, even there is only one writer and this single writer can employ

two round-trips, W2R1 implementations are still impossible.

The proof in the single writer-case does not depend on how

many round-trips a write operation has. When we change all write

operations in the impossibility proof in the single-writer case to

two (or more) round-trips, we let all the two (or more) round-trips

of a write operation take place consecutively and precede all other

operations, as shown in Fig. 9 (based on Fig. 6 of [12]). The rest of

the impossibility proof is not affected.

B1

B2

B3

B4

B5

W R1 R2 R3 R1 R1

two round-trip write

Figure 9: Fast read impossibility.

5.2 Implementation when 𝑅 < 𝑆
𝑡
− 2

We derive the W2R1 implementation from the single-writer W1R1

implementation in [12]. Our implementation is inspired by how

multiple writers are handled in the W2R2 implementation [23],

which can also be viewed as a derivation from the single-writer

W1R2 implementation [5]. The key change in the design of a multi-

writer implementation is that we use (𝑡𝑠,𝑤𝑖 ) to denote one value.

Here 𝑤𝑖 is the writer ID and 𝑡𝑠 is the version number denoting

one value written by𝑤𝑖 . Assuming that the writer IDs are totally

ordered, we can thus order all the values from multiple writers

using the lexicographical order when we have equal 𝑡𝑠 values.

The order among write values is further strengthened by the

two round-trip write algorithm. Specifically, before writing a value,

the writer first queries all the servers and calculates the𝑚𝑎𝑥𝑇𝑆 in

its first round-trip. Then the writer updates value (𝑚𝑎𝑥𝑇𝑆 + 1,𝑤𝑖 )
to all servers in the second round-trip. The two-round-trip write

algorithm guarantees that when write operations have the same 𝑡𝑠

value, they must be concurrent.

As for the the single round-trip read operations, the reader

first obtains multiple values from the servers. It also uses the

𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 (·) predicate (defined in the single-writer algorithm in

[12]) to test all the values obtained. The 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 (·) predicate
is designed to guarantee that: i) a read never returns older values

than that of a preceding write, and that ii) a read never returns

older values than that of a preceding read. Since there are multi-

ple writers, the reader may obtain multiple admissible values and

need to return one of them. Since all the values are totally ordered,

we simply let the reader return the largest admissible value. That

is, when the reader needs to choose from equal 𝑡𝑠 values, it just

chooses the 𝑡𝑠 value with the largest writer ID.

One potential threat to the correctness of our algorithm is that in

the single-writer case, all values are totally ordered on one single-

writer and it is trivial to choose the more up-to-date value. However

in the multi-writer case, the two round-trip algorithm can order

non-concurrent write operations from different writers. But for the

concurrent writes, we can only use the (somewhat arbitrary) order

among writer IDs. We need to prove that using the writer ID order

will not comprise the correctness of our implementation.

Specifically, for two read operations 𝑅1 preceding 𝑅2, the pred-

icate 𝑎𝑑𝑚𝑖𝑠𝑠𝑖𝑏𝑙𝑒 (·) guarantees that 𝑆𝑎𝑑 (𝑅1) ⊆ 𝑆𝑎𝑑 (𝑅2) [12]. Here
𝑆𝑎𝑑 (𝑅𝑖 ) (𝑖 = 1, 2) denotes the set of admissible values on 𝑅𝑖 . De-

note the return values of 𝑅1 and 𝑅2 as 𝑣𝑎𝑙1 = max(𝑆𝑎𝑑 (𝑅1)) and
𝑣𝑎𝑙2 = max(𝑆𝑎𝑑 (𝑅1)) respectively. The potential threat to our multi-

writer implementation is that 𝑅2 chooses a new return value only

due to the difference in writer ID while the 𝑡𝑠 values are the same.

Specifically, assume that 𝑣𝑎𝑙2 ≠ 𝑣𝑎𝑙1, but 𝑣𝑎𝑙2 .𝑡𝑠 = 𝑣𝑎𝑙1 .𝑡𝑠 and

𝑣𝑎𝑙2 .𝑤𝑟𝑖𝑡𝑒𝑟 -𝑖𝑑 > 𝑣𝑎𝑙1 .𝑤𝑟𝑖𝑡𝑒𝑟 -𝑖𝑑 . Since 𝑣𝑎𝑙2 ∉ 𝑆𝑎𝑑 (𝑟1) (or 𝑅1 and 𝑅2
will choose the same return value), we have that 𝑣𝑎𝑙2 is not admis-

sible in 𝑅1’s view, but 𝑣𝑎𝑙2 is admissible in 𝑅2’s view. This ensures

that 𝑅1 must be concurrent with𝑊2 (let𝑊𝑖 denote the write oper-

ation of 𝑣𝑎𝑙𝑖 for 𝑖 = 1, 2). Thus we have𝑊1, 𝑅1,𝑊2, 𝑅2 is a correct

permutation of these operations as required by the definition of

atomicity. This ensures that the return value of 𝑅2 is correct.

For other cases, the correctness proof of our W2R1 implementa-

tion is principally the same with that of the W1R1 implementation

in [12]. We present ourW2R1 implementation and its detailed proof

of correctness in the Appendix of [18]. Note that impossibility re-

sults in the crash failure model directly imply impossibility in the

Byzantine failure model. However, for our W2R1 implementation,

we can further study whether it can be extended to further tolerate

Byzantine failures. The extension is principally the same with that

in the single-writer case, as detailed in [12]. We thus omit detailed

discussions here.

6 RELATEDWORK
The importance of low latency data access in distributed storage

systems motivates the study on fast implementations of distributed

atomic registers. Fast implementation in the single-writer case is

studied in [12], where the sufficient and necessary condition for fast

implementation is derived. As for the multi-writer case, only im-

possibility for fast read-write implementations is presented. When

examined at a finer granularity, it is still open whether fast imple-

mentations are possible when only read or write are required to be

fast. The notion of semifast implementation is presented in [14]. It

is proved that semifast implementation is not possible for multi-

writer atomic registers. In this work, we consider implementations

where the read can always be slow (using two or more round-trips).

The implementation we consider is strictly stronger than semifast

implementations. Thus our our impossibility proof is more general

and directly implies the impossibility of semifast implementations.
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This work concludes this series of studies on fast implementations

of distributed atomic registers. Impossibility proof for fast write im-

plementations is presented, and necessary and sufficient condition

for fast read implementations is derived.

Our impossibility proof for fast write implementations are in-

spired by the classical result in a shared-memory setting that “atomic

reads must write" [7, 20, 21]. The CAP theorem [8, 15] and the

PARCELC tradeoff [3] in distributed systems also inspire us to

prove the impossibility of fast (low latency, strongly consistent and

fault-tolerant) implementations. Our use of the crucial-info model

is inspired by the CHT proof of the weakest failure detector for

consensus [10, 13]. In the CHT proof, a directed acyclic graph is

used to store the failure detector outputs on all processes as well as

the temporal relations between them.

The study on atomic register implementations on the Oh-RAM

model is closely related to our work [16]. Both works use chain

arguments [6] to prove the impossibility. The main difference lies

in the system model. In the Oh-RAM model, servers are allowed

to exchange messages , while in our client-server model, we only

model communications between the client and the server.We derive

our system model from the existing work [4, 5, 12, 23], as well as

from our study of popular distributed storage systems [1, 2, 19].

7 CONCLUSION AND FUTUREWORK
In this work, we study fast write and fast read implementations of

multi-writer atomic registers. For fast write implementations, we

come up with the impossibility proof, which is based on a three-

phase chain argument. For fast read implementations, we provide

the necessary and sufficient condition for fast implementations, by

extending the result of the single-writer case.

In our future work, we will study fast implementations for multi-

writer atomic registers from a different perspective. Specifically,

we will fix fast implementations in the first place, and then quan-

tify how much data inconsistency will be introduced when strictly

guaranteeing atomicity is impossible. We also plan to introduce

knowledge calculus to reason about quorum-based distributed al-

gorithms at a higher level of abstraction.
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